ASSEMBLY MAPS WITH COEFFICIENTS IN TOPOLOGICAL 
ALGEBRAS AND THE INTEGRAL K-THEORETIC NOVIKOV 

CONJECTURE 

SNIGDHAYAN MAHANTA 

I ! Abstract. We prove that any countable discrete and torsion free subgroup of a general 

f^*) ■ linear group over an arbitrary field or a similar subgroup of an almost connected Lie group 

fSJ . satisfies the integral algebraic K-theoretic (split) Novikov conjecture over K and S, where 

^ ■ K denotes the C* -algebra of compact operators and S denotes the algebra of Schatten 

C^ , class operators. Under an additional hypothesis, we prove that such a group also satisfies 

the algebraic K-theoretic Novikov conjecture over Q and C with finite coefficients. For all 

^^ , torsion free Gromov hyperbolic groups G, we show that the canonical algebra homomorphism 

^N ■ K[G] — >■ C*(G) c|)]K induces an isomorphism between their algebraic K-theory groups. We 

end with a discussion of a recent conjecture of Yu about the algebraic K-theory of the 

t-H ■ group algebra S[G]. At the heart of our strategy lies the Davis-Liick unified perspective 

^> I on the isomorphism conjectures. We also make essential use of some deep results due to 

Skandalis-Tu-Yu and Gucntner-Higson-Weinberger on the Baum-Connes conjecture. 

a 

Introduction 

For any group discrete G and a unital ring R the algebraic K-theoretic Novikov conjecture 
^ ■ for G over R asserts that a canonically defined Loday assembly map 



(N 



S: 



is rationally injective. Here K^ denotes the nonconnective algebraic K-theory spectrum of R. 
The stronger integral K-theoretic Novikov conjecture asserts that the same map is injective. 

(3 I Using standard excision arguments and the fact that H-unital Q-algebras in the sense of 

[62] satisfy excision in algebraic K-theory [60], the Loday assembly map can be extended 
to H-unital coefficient Q-algebras R. Conjectures of this nature in K-theory and L-theory 
can at least be traced back to Hsiang [28]. In this article the term K-theory without any 

^ ■ adjective will always refer to algebraic K-theory and will be denoted by K*. 

For any countable discrete and torsion free group G the Baum-Connnes conjecture asserts 
that a canonically defined Baum-Connes assembly map 

/xfC:K^(5G')->KrP(C;(G)) 

is an isomorphism [5]. Here K^ denotes the Baum-Douglas picture of geometric K-homology 
[8], [7] and K*°p denotes the topological K-theory of C*-algebras. The Baum-Connes assembly 
map can be constructed for any second countable locally compact and Hausdorff group. The 
conjecture can even be generalized to incorporate coefficients in a separable G'-C*-algebra by 
using universal proper G-spaces and Kasparov's bivariant K-theory ^. The Baum-Connes 
conjecture has implications in many areas of mathematics and the status of this conjecture 
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is also well documented in the literature (see, e.g., [IS]). Recently Lafforgue announced the 
proof of the Baum-Connes conjecture with coefficients for all Gromov hyperbolic groups [38]. 
The original Novikov conjecture about the honiotopy invariance of higher signatures is known 
to follow from the rational injectivity of the Baum-Connes assembly map. Presumably, 
motivated by this observation Kasparov formulated the Strong Novikov Conjecture with 
trivial coefficients, which asserts that /i^*" is a rationally injective (see, e.g., page 192 of 
[37] ). 

Since we are dealing with two different Novikov conjectures, in order to avoid confusion, we 
refer to the Novikov conjecture in algebraic K-theory as the K-theoretic Novikov conjecture 
and the Strong Novikov Conjecture in KK-theory as the K^°^ -theoretic Novikov conjecture. 
Predictably the integral K-theoretic Novikov (resp. integral K^°^ -theoretic Novikov) conjecture 
asserts that (yU^)* (resp. fi^'") is injective. Finally, the split K-theoretic Novikov (resp. the 
split K^""^ -theoretic Novikov) conjecture asserts that the assembly map (/x^)* (resp. fj,^'") is 
split injective. 
In this article we prove the following two results {reduction principles): 

Theorem 0.1. (see Theorem \4.7\ and Theorem \4.5\ ) Let G be a countable discrete and torsion 
free group that satisfies the split K^"^ -theoretic Novikov conjecture with trivial coefficients and, 
in addition, let the Z/n-homology of BG be concentrated in even degrees. Then G satisfies 
the K-theoretic Novikov conjecture over Q and C with finite Z/n- coefficients. 



Theorem 0.2. (see Theorem 6^ and Theorem 8.4^ If a countable discrete and torsion free 



group satisfies the integral K^""^ -theoretic Novikov (resp. the split K^""^ -theoretic Novikov) 
conjecture with trivial coefficients, then it satisfies the integral K-theoretic Novikov (resp. 
the split K-theoretic Novikov) conjecture over IK and S, where K denotes the C* -algebra of 
compact operators and S denotes the algebra of Schatten class operators. 
Furthermore, if n^'" is only rationally injective then so is (/Xk)*- (The rational injectivity of 
if^s)* ^s known for all groups without any further hypothesis [63] )■ 

Theorem 10.11 goes in a direction that is different from (and complementary to) the ratio- 
nal injectivity question. Admittedly, this result is not optimal and work is in progress to 
strengthen it. Building upon a result of [17], Bokstedt-Hsiang-Madsen proved the rational 
injectivity of the Loday assembly map for R = Z under the assumption that H^,(G', Z) is 
finitely generated in [11]. Carlsson-Goldfarb proved the split K-theoretic Novikov conjec- 
ture for all geometrically finite groups with finite asymptotic dimension over arbitrary unital 
coefficient rings in [13]. The integral K-theoretic Novikov conjecture can be refined to a state- 
ment that predicts a certain assembly map to be an isomorphism. This is the Farrell- Jones 
isomorphism conjecture in algebraic K-theory. For simplicity, let us suppose that G is a tor- 
sion free group and i? is a regular Noetherian Q-algebra. Then the Farrell- Jones conjecture 
simply asserts that the above-mentioned Loday assembly map is actually an isomorphism. 
Bartels-Liick-Reich proved the Farrell- Jones conjecture for all Gromov hyperbolic groups 
over arbitrary unital coefficient rings in [3]. For an update on the status of these conjectures 
we refer the readers to [30^, ^52]. Motivated by the Connes-Moscovici work on the Novikov 
conjecture in topology [19j, recently Yu proved that for any discrete group G the assembly 
map in the Farrell- Jones isomorphism conjecture in algebraic K-theory is rationally injective 
over S, where S denotes the algebra of Schatten class operators [53]- However, our techniques 
differ from that of ibid, in a significant manner (explained in the following paragraph). In 
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Theorem 17. 21 we prove that, for all torsion free Gromov hyperbolic groups [23], the canonical 
algebra homomorphism K.[G] — )■ C*(G)®]K induces an isomorphism between their algebraic 
K-theory groups. Moreover, the Whitehead groups of G over K, which are the homotopy 
groups of the homotopy cofibre of the Loday assembly map /x^, vanish for any torsion free 
Gromov hyperbolic group G. The preprint of Yu [63] appeared while the article was under 
preparation and it is clear that this result follows easily from the circle of ideas in ibid. We 
end the article with a brief discussion of a conjecture of Yu (Conjecture 5.1 of ibid.) and 
propose a variant of the conjecture (see Conjecture 18. 7p . 

The works of Connes-Moscovici [IH] and Yu [HS] make use of the periodic cyclic (co)homology 
valued Chern-Connes character. Roughly, one relates the K-theoretic assembly map to a 
periodic cyclic homological assembly map, which is designed to retain information only up 
to torsion. Therefore, such techniques are very useful for proving rational injectivity state- 
ments. However, in order to prove integral statements it is important to work directly with 
the K-theoretic assembly maps. The main strategy in our proof of the reduction principles 
is to interconnect the various K-theoretic assembly maps involved. In order to do so we 
make use of the unified perspective of Davis-Liick on the various isomorphism conjectures 
|21] . Davis-Liick construct an assembly map in any G- homology theory, which in turn is 
constructed from a spectrum that is a module over the orbit category of G in a suitable 
sense. By choosing different spectra, e.g, nonconnective algebraic K-theory or topological 
K-theory, one obtains different G-homology theories and assembly maps therein. Under 
favourable circumstances these assembly maps can be identified with the Loday assembly 
map and with the Baum-Connes assembly map with trivial coefficients [26] respectively. In 
order to prove Theorem 10.21 we extend the identification of the Baum-Connes assembly map 
with the Davis-Liick assembly map to the case where the coefficient algebra is K, equipped 
with the trivial G-action (see Proposition 16. 2p . The domain of the Davis-Liick isomorphism 
conjectures is always a G-equivariant homology theory (i.e., a G- homology theory with an 
induction structure) evaluated on some classifying space (depending on an auxiliary choice of 
a family of subgroups of G). However, if G is torsion free and the coefficient algebra satisfies 
some reasonable hypotheses, then the picture reduces to an unequivariant homology theory 
evaluated on the space BG. We restrict our attention to torsion free groups, since this as- 
sumption simplifies the discussion considerably. In this case, the domain of the Davis-Liick 
assembly map looks like H^,(i?G; E), where E is the spectrum defining the homology theory. 
These groups are computable using the Atiyah-Hirzebruch spectral sequence in generalized 
homology theories. One aim of the isomorphism conjectures is to predict the values of the 
codomains of the assembly maps, which are typically hard to compute, in terms these gener- 
alized homology groups of BG. In Section \5\ we construct Kiinneth type spectral sequences 
using the machinery of [22] to compute these homology groups, although an extremely triv- 
ial case of that is used in this article. We hope that these spectral sequences will be of 
independent interest. 

Upshot: Let us mention that the integral (split) K*°P-theoretic Novikov conjecture is known 
to be true in numerous examples. For instance, let G be a countable discrete group with 
a proper left-invariant metric. Thanks to Skandalis-Tu-Yu we know that if G admits a 
uniform embedding into a Hilbert space, then G satisfies the split K*°''-theoretic Novikov 
conjecture (even with coefficients in any separable G-G*-algebra) [6^ 157]. Using the results 
of ibid., Guentner-Higson- Weinberger showed that if G is a countable discrete subgroup of 
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GL(n, F) for any field F or of any almost connected Lie group, then G satisfies the split K*°''- 
theoretic Novikov conjecture (with coefficients in any separable (j-C*-algebra) |25j. Using 
the above-mentioned reduction principle, we arrive at the main result of this article. 

Theorem. Any countable discrete and torsion free subgroup of a general linear group over 
an arbitrary field or a similar subgroup of an almost connected Lie group satisfies the split 
K-theoretic Novikov conjecture over K and S, i.e., the Loday assembly maps 

(/ij^), : H,(5G;Kk) ^ K,(K[G]) and (/i^), : H,(5G;K5) ^ K,{S[G]) 

are split injective. They also satisfy the K-theoretic Novikov conjecture with finite coeffi- 
cients over Q and C, i.e., the Loday assembly maps (/i^)* and (/Xc)* are injective with finite 
coefficients, provided G satisfies the additional hypotheses of Theorem \0.1[ 
For a countable discrete and torsion free group with a proper left-invariant metric, the above 
assertions continue to hold if the group admits a uniform embedding into a Hilbert Space, 
which is a rather mild condition. 

To the best of the author's knowledge these results are new at this level of generality (al- 
though with restricted coefficients). 

Notations and conventions: All discrete groups are tacitly assumed to be countable 
and all C*-algebras are assumed to be separable. A space will always mean a compactly 
generated and Hausdorff space and ® will denote the minimal tensor product between G*- 
algebras. Throughout this article K will denote the nonconnective Gersten-Wagoner alge- 
braic K-theory spectrum and K*°p will denote the complex topological K-theory spectrum. 
Occasionally we are going to work with specific models for these spectra and we shall com- 
ment on them when the need arises. Unless otherwise stated, while dealing with a space like 
BG (the classifying space of a discrete group G) we implicitly work with a CW model, e.g., 
the geometric realization of the simplicial model of BG. 

Acknowledgements. The author is extremely grateful to G. Yu for his comments on 
the first draft of this article. The author also wishes to thank P. Baum, H. Reich, J. M. 
Rosenberg, A. Valette and C. Westerland for helpful email correspondences. 

1. Baum-Connes assembly map for discrete and torsion free groups 

Let G be any discrete and torsion free group. Let K^^ denote the (complex) topological 
K-theory spectrum. It defines a (reduced) generalized homology theory on the category of 
pointed compactly generated and Hausdorff spaces as follows |61j : For any unpointed space 
X, set 

Kt°P(X) = 7r,(X+AKj?P), 

where X+ denotes the disjoint union of X and a basepoint. This is called the topological 
K-homology of X. Let BG denote the classifying space of G and let G C BG be any compact 
subset. There is a canonical map 

fi{G) : K':^{G) ^ Kf^{G:{G)), 

where K*°p on the right hand side denotes the topological K-theory of (complex) Banach 
algebras and G*{G) denotes the reduced group C*-algebra of G. It is defined in terms of a 
canonical 'Mischenko line bundle' and Kasparov product in KK-theory. For the details we 
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refer the readers to pages 97 and 98 of [18], where the connection to the L-theory assembly 
map is also explained. Let us remind the readers that the L-theoretic assembly map is the 
relevant one for the original Novikov conjecture about the homotopy invariance of higher 
signatures; in fact, it is equivalent to the rational injectivity of the L-theoretic assembly 
map. 

Being a compactly generated space, BG is a filtered colimit of its compact subsets. Here 
the set of compact subsets of BG is canonically filtered by inclusion. Since generalized 
homology theory commutes with filtered colimits, one concludes 

Kt°P(SG)^lii^^KfP(C), 

where C C BG runs through compact subsets. The assembly map construction is compatible 
with the inductive system of K*°P-homology groups in the following sense: Whenever C d C 
there is a commutative diagram 

Krp(c") — ^^^^ K':^{c;{G)) 
Kr(c) 

As a result one obtains the assembly map 

(1) ^^,■.K':^{BG)^ hi^ KrP(C)^KrP(C;(G)), 

C dBG 

and the Baum-Connes conjecture (with trivial or complex coefficients) [5l [6] asserts that 
this map is an isomorphism. 

There is a geometric picture of K- homology, denoted by K^, due to Baum-Douglas on 
the category of a (pairs of) finite CW complexes [SI E] . Each geometric K-cycle over X is 
a triple {M,E,f), where M is a compact spin*^ n-manifold, E is a complex vector bundle 
over M and f : M —^ X+ is a continuous map sending dM to the basepoint in X_|_. There 
are some canonical equivalence relations imposed on such K-cycles and the equivalences 
classes, denoted by [M,E,f], comprise K^(X). There is a natural map ax '■ K*°''(X) = 
7r*(X_|_ AKJ?^), which turns out to be an isomorphism between generalized homology theories 
(see, e.g., PHIH). The map ax simply sends a K-class [M, E, f] to f^{[E] fl [M]), where [M] 
denotes the canonical K-homological fundamental class determined by the spin'^ structure on 
M. In [9] it is shown that, for any finite CW complex X, the geometric K-homology Kf (X) 
is naturally isomorphic to Kasparov's analytic K-homology KK*(C(X),C), whence K^ is a 
generalized homology theory on the category of finite CW complexes. In the sequel we shall 
use geometric and analytic K-homology interchangeably without further explanation. The 
definition of geometric K-homology is extended to all compactly generated and Hausdorff 
spaces by setting K^(X) = lim K^(C), where C C X runs through all compact subsets. 
Since Kf (X) ^ K*°p(X) for every finite CW complex, it follows that 

KliBG) - KfP(i?G), 

where one may choose a CW model for BG and use the fact that every compact subset of a 
CW complex is contained in a finite CW subcomplex. 
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The original definition of the Baum-Connes assembly map /z^^ used Kf (5G) as the domain 
for discrete and torsion free groups. Given any K-cycle [M , E, /] one gets an induced map 
/=„ : 7ri(M) — )• G; now form the Dirac operator on M with coefficients in E and map it 
to the G-index in K^°^{C*{G)) along /*. For a more general parametrized version of this 
construction see Theorem 4 of [S]. The two assembly maps /i^*" and /i* are equivalent in the 
sense that there is a commutative diagram: 



m''° 



KiiBG) "^ — ^ Kt°p(a;(G)) 



K^BG) 

Thanks to this equivalence, in the sequel we are going to use /i^, and /i^^ interchangeably. 

It follows from the natural equivalence of equivariant geometric K-homology and equi- 
variant KK-theory [lOj that this formulation of the assembly Baum-Connes assembly map 
is equivalent to the more familiar KK-theoretic one. More generally, for any G'-C*-algebra 
there is an assembly map KK^,{BG; A) — )■ K^°^{A xi^ G) and the Baum-Connes conjecture 
with coefficients in A asserts that this map is an isomorphism j6]. For our purposes, we do 
not need to know the details of this construction or that of Kasparov's KK-theory. Interested 
readers may refer to Kasparov's original papers [351 IMl EH]. We simply remark that both 
/i^*" and /i* are equivalent to the KK-theoretic assembly map, when A = C, i.e., 

KK,{BG; C) ^ KfP(C x, G) ^ KfP(G;(G)). 

Recall that the integral (split) K*°P-theoretic Novikov conjecture asserts that this map is 
(split) injective. 

2. Algebraic assembly maps 

Let G be any discrete group (not necessarily torsion free) and let R be any unital complex 
algebra. There is a canonical inclusion of groups G "^^ GLi(Z[G]) as units. Composing 
with the map GLi(Z[G]) — )• GL(Z[G]) = lim GLn(Z[G]) and applying the classifying space 
functor B{—), we obtain j : BG — )■ -BGL(Z[G']). Now the functorial plus construction gives 
rise to the following commutative diagram of spaces: 

BG — - BGL(Z[G]) 



BG+ —^ BGL{Z[G])+, 

whence we get a continuous map of spaces 

(2) BG+ A BGL{R)+ ^^ 5GL(Z[G])+ A BGL{R)+. 

Composing it with the Loday product map 

BGL{Z[G])+ A BGL{R])+ -^ BGL{Z[G] ® i?)+ = BGL{R[G]y 
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we obtain BG-^- A BGL{R)^ — t- BGL{R[G])~^ . This map is actually compatible with the 
infinite loop space structure on i?GL(— )+ and hence can be upgraded to a map of spectra, 
giving rise to Loday's assembly map (with coefficients in R) 



(3) 



/i^ : BG+ AKr^K 



RIG]- 



Here K denotes the Gersten- Wagoner nonconnective algebraic K-theory spectrum (see, e.g., 
[i9j). For the details of the construction of the assembly map we refer the readers to Chapter 
4 of [10]. Following Loday one calls the homotopy cofibre of /x^ as the Whitehead spectrum 
ofG overR [39J. 

Remark 2.1. Carlsson-Pedersen used a different assembly map to prove the integral K- 
theoretic Novikov conjecture under some assumptions using techniques from controlled topol- 
ogy [II]. It is known that their assembly map is naturally equivalent to the Loday assembly 
map f2E\ \5E\ . The Carlsson-Pedersen assembly map has built-in naturality. 



Let A be a separable and unital C*-algebra, on which G acts trivially. In this case the 
reduced crossed product AxirG simply becomes A<§)C*{G). In the sequel we denote A(^G*{G) 
by G*{G,A). Recall that C*{G,A) is defined as a suitable completion of Cc{G,A) = A[G], 
so that there is a canonical complex algebra homomorphism la '■ ^[G] -^ C*{G,A). Let 



La : Ka[g] -^ K 



-CfiCA) 



denote the induced map of K-theory spectra. 



Remark 2.2. The above discussion can be extended to nonunital C* -algebras by defining 
GL(y4) = lim ker[GL„(A) — t- GL„(C)], where A denotes the (complex) unitization of A 
(note that any C* -algebra satisfies excision in algebraic K-theory). Indeed, by the naturality 
of the assembly map there is a commutative diagram in the homotopy category of spectra: 



BG,AK^ 



f^h 



K 



A[G] 



BG, 



A Kr ^ K 



C[G]- 



Using excision, we conclude that the induced map between the homotopy fibres (well-defined 
up to homotopy) fi\ : BG+ A K^ — )■ I^aig] is the desired assembly map. It follows that if 
both ijh and fi^ are weak homotopy equivalences, then so is /i^. The same argument allows 
us to construct the Loday assembly map with coefficients in any B.-unital Q-algebra, since 
such algebras also satisfy excision in algebraic K-theory (see 



Definition 2.3. We define the algebraic reduced assembly map /i^^ : BG^ 
by the following commutative diagram of spectra: 



AKa ^K 



C*iG,A) 



BG+ A Ka 




C*{G,A)- 



Remark 2.4. Due to the octahedral property, there is an exact triangle in the triangulated 
homotopy category of spectra: 

Cone(/i^) — )■ Cone(/i^^) — )• Cone (/-a), 

where Cone denotes the mapping cone. We mentioned earlier that Cone(/i|4) is taken to be 
the definition of the Whitehead spectrum of G over A. 

Remark 2.5. One can easily insert another level of factorization by realizing that there is an 
interesting intermediate (Banach) algebra A[G\ — > V-{G.,A) — > C*{G,A). This will produce 
maps of spectra K^jg] — )■ 'Klii^g.A) -^ '^Cf(G,A) one? one needs to construct in a similar vein 
the intermediate 'Klh^g,a)'^^^^^'^ assembly map. 

3. The relation to the Baum-Connes assembly map 

There is no reason to expect that the algebraic reduced assembly map /i^^ possesses good 
properties. Now we relate this map to the more interesting Baum-Connes assembly map. 
In order to do so, we need the general framework of Davis-Liick on isomorphism conjectures 
in K-theory, L-theory and K*°''-theory. 

The Davis-Liick isomorphism conjecture [21] provides a unified perspective on the various 
conjectures that involve assembly maps, e.g., those of Baum-Connes, Bost and Farrell- Jones. 
More precisely, they construct an assembly map in any G-homology theory (with a choice 
of fixed family of subgroups of G) and show that the aforementioned assembly maps can 
be seen as specific cases by choosing the G-homology theory (and the family of subgroups) 
appropriately. We focus our attention to the Baum-Connes conjecture for discrete groups 
from this viewpoint. One obtains the Farrell- Jones conjecture in algebraic K-theory, roughly, 
by replacing the topological K-theory spectrum by the nonconnective algebraic K-theory 
spectrum. 

Let G be a discrete group and Fin denote the family of finite subgroups of G. It is 
manifestly closed under conjugation and the passage to subgroups. Let i?Fiii(G) denote the 
classifying space of G with respect to Fin, which is uniquely characterized up to G-homotopy 
by the properties: 

(1) EFin(G') is a G-CW complex, 

(2) E-p±n{G)^ is contractible if if e Fin and empty otherwise. 

For the construction of the classifying space E^j^^^G) (with respect to even more general 
families of subgroups) interested readers may refer to [H]. Let A be a G-G*-algebra and 
Or(G) denote the orbit category of a discrete group G. The objects of Or(G) are (left) coset 
spaces G/H, where if C G is a subgroup, and the morphisms are G-maps. One needs to 
construct a spectrum K^^ as a (left) module over the orbit category of G, i.e., a covariant 
functor K.Q^^ : Or(G) — )■ SPECTRA, which has the property that, for all subgroups H C G, 
one has 7r,(K*(^P^(G/ii)) = Hf (G/ii; K*^,^) = K'^'iA Xr H); in particular, H^(pt; K'""^^) = 
K^°^{A x^ G). Then one can define the Davis-Liick assembly map /i^^ in the G -homology 
theory determined by K,;^^, which is induced by the canonical G-projection i5Fin(G)+ — )■ 
Pt+ = 5°, i.e., 

(4) (/xS')* : H^(i5Fin(G); K'^^) ^ H?(pt; K'^^) = K^^A x, G). 
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The isomorphism conjecture in topological K-theory asserts that the above assembly map 
(l^A^)* is an isomorphism. For the details of the construction of the spectrum Kg'^ we refer 
the readers to Section 2 of pi] and [3Tj. Presumably the article |47j is also relevant in this 
context. A result of Hambleton-Pedersen says that for a discrete group (not necessarily 
torsion free) the Davis-Liick assembly map in topological K-theory /ij?^ agrees with the 
Baum-Connes assembly map /i^^ (see Corollary 8.4 of [26]). In other words, the Davis- 
Liick isomorphism conjecture in topological K-theory is equivalent to the Baum-Connes 
conjecture with trivial coefficients. 

In the same spirit, there is a nonconnective algebraic K-theory spectrum Kg,r {R unital) 
giving rise to an assembly map 

(5) (/i°L), : H^(i?vc(G); Kc,r) ^ Hf (pt; Kg,r) = K':nR[G]), 

where VC stands for the family of virtually cyclic subgroups of G. Once again the classify- 
ing space E^jc{G) is characterized uniquely up to G-homotopy by the two aforementioned 
properties. The Farrell-Jones isomorphism conjecture in algebraic K-theory asserts that the 
above assembly map is an isomorphism. 

For any ring R set NK„(_R) to be the cokernel of the split inclusion K„(_R) — > K„(_R[t]). 
It is well-known that if i? is a regular Noetherian ring then NK„(i?) = {0} for all n E 1j. 
If R is regular Noetherian, then so is R[t] and hence for all m G N the split inclusion 
Kn{R) — )■ Kn(R[ti, ■ ■ ■ ,tm]) is actually an isomorphism. More generally, a ring R is called 
K-regular if the split inclusion K„(-R) — )■ K„(i?[ti, ■ ■ ■ ,tm]) is an isomorphism for all n G Z 
and 771 G N. In the sequel we shall only consider K-regular rings. 

Example 3.1. Since C or, more generally, any field is a regular Noetherian ring, it is K- 
regular. More interestingly, it is known that any stable C* -algebra is K-regular (see Theorem 
3-4 of [SI]y'- In particular, the C*-algebra of all compact operators on a separable Hilbert 
space K is K-regular. 

If G is torsion free then Fin consists of only the trivial subgroup and hence one ob- 
serves that EG is a model for £^Fin(G). So the domain of /i^'" reduces as Hf (£^G; K^^) = 
H^,(i?G; Kj"^), which begins to look like the domain of the Baum-Connes assembly map /x^^, 
i.e., the topological K-homology of BG with coefficients in A. In fact, as already mentioned 
before, the Davis-Liick assembly map is equivalent to the Baum Connes assembly map with 
trivial coefficients, i.e., with A = C (see Corollary 8.4 of [26]). Some simplifications also 
occur in the Farrell- Jones isomorphism conjecture in algebraic K-theory. 

Remark 3.2. If G is a discrete and torsion free group and R is a unital, regular Noetherian 
Q-algebra, then EG can be taken as a model for Eyc{G) . In this case the Davis-Liick assembly 
map 

(/i^L)^ . }lO^E,c{Gy,KG,R) ^ Hf(pt;KG,/j) 

is naturally equivalent to the Loday assembly map /i^ that we saw in the previous section (see 
Corollary 67 (ii) ofj^). 

We need a slight strengthening of the above observation. 



Lemma 3.3. If G is a discrete and torsion free group and R is an K-unital and K-regular 
Q-algebra, then the Davis-Liick assembly map 

(^f ), : Hf (E,c(G); Kg,b) ^ H^(pt; Kg,r) 

is naturally equivalent to the Loday assembly map fi^ : H*(SG'; K/j) — )■ K*(i?[G*]). 

Proof. By excision in algebraic K-theory we may assume that R is unital. There is a com- 
mutative diagram relating the assembly maps (yU^)* and (/i^'")* 




Hf (Evc(G); Kg,r) '-^^^ H^'(pt; Kg,r) = K,(i?[G]). 

Here the left vertical arrow is induced by the change of families morphism Fin C VC. Indeed, 
by the universal property of Eyc{G) there is a map E-pi^^G) — )• E^Jc{G), which is well-defined 
up to G-homotopy. Therefore, it suffices to show that the left vertical arrow is an isomor- 
phism. Now the argument in the proof of Proposition 70 of [43] applies. A careful inspection 
of the argument reveals that one only needs the vanishing of the Nil-terms for all group 
algebras R[H], where if C G is a finite subgroup. Since G is assumed to be torsion free, this 
is guaranteed by the K-regularity of R. This result is also explicitly stated in Proposition 
2.4. of [63]. 

D 

The Farrell- Jones isomorphism conjecture in algebraic K-theory was stated in p3] for 
i? = Z and in it appeared in the general form in [2]. Thanks to the above Lemma [3.31 the 
Farrell- Jones isomorphism conjecture in algebraic K-theory can be generalized to incorporate 
H-unital K-regular Q-algebras as coefficients for discrete and torsion free groups. 

Now let Lc : C[G] — > C*.{G) denote the canonical complex algebra homo morphism inducing 
a map ^c[G] "^ ^c*{G) between their nonconnective K-theory spectra. There is a natural 
comparison map between the algebraic K-theory and the topological K-theory spectra of 
a (complex) Banach algebra [32]. For any unital Banach algebra A, it is induced by the 
canonical continuous map c{A) : GL(A) — t- GL*°''(y4). Here GL(y4) is the algebraic inductive 
limit of the discrete groups GLn{A) as before, whereas GL^°^{A) is that of GL^°P(y4), each of 
which inherits its topology from the Banach space M„(y4). In fact, this map can be promoted 
to a natural map of spectra c{A) : K^ — )■ K^'', where K^'' denotes the (complex) topological 
K-theory spectrum of A (see Theorem 2.1. of |51j). 

Lemma 3.4. There is a commutative diagram: 

H,(5G; Kc) — K,(G;(G)) 



c(C). 



,,BC 



c(c;{G)), 



H,(SG; K*c°P) —^ ^ K^ (G;(G)), 

where the left vertical arrow c(C)* is induced by the map of spectra c(C) : Kc — )• K 
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top 



Proof. It follows after setting A = C (with trivial G-action) in the large commutative diagram 
in section 1.6 (page 47) of [T] that there is a commutative diagram 



Hf(^vc(G');KG,, 



H^ (-EFiii(G');K(^c) 



-K,(C[G']) 



K'r{c:{G)), 



where the top (resp. bottom) horizontal arrow is the Davis-Liick assembly map in algebraic 
(resp. topological) K-theory and the left vertical map is induced by the change of theory 
map or the comparison map from algebraic to topological K-theory. Under the assumptions 
the top horizontal map can be identified with the Loday assembly map /i^ : H^,(i?G'; Kc) — )■ 
K^,(C[(j]) (see Remark 13.21) . whereas the bottom horizontal map is known to be equivalent 
to the Baum-Connes assembly map (see Corollary 8.4 of [26]). Consequently, we get the 
following commutative diagram: 



H^,(i?G; Kj 



H,(5G';K 



top\ 



K^BG) 



,BC 



K,(C[G]) 



Kr(c;(G)), 



where the left vertical map is induced by the comparison map. The right vertical map can 
be factorized as 

K,{C[G]) ^ K,(C;(G)) "^'^^^^' KfP(G;(G)), 

where the first map in algebraic K-theory is induced by the canonical algebra homomorphism 
C[G] A- C*{G). Incorporating this factorization into the above diagram, we get 



H,(i?G; Kc) ^^ K,(C[G']) ^^ K,(G;(G)) 



c(C). 

H,(5G;K^°P) 



c(c;(G)). 

Kt°p(G;(G)). 



Now observe that the composition of the top two horizontal arrows is yU^ 



ale 



D 



Remark 3.5. The comparison map c(C*(G))* is an isomorphism for * = and a surjection 



for * = 1. Therefore, from the above Lemma \374 we conclude that if the algebraic reduced as- 
sembly map fif^ is surjective for * = 0, 1, then so is the Baum-Connes assembly map fi^'^ for 
* = 0, 1. The surjectivity of the Baum-Connes assembly map implies the Kadison-Kaplansky 
conjecture, which states that for a torsion free group G the only idempotent elements in G*{G) 
are and 1. 
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4. K- THEORETIC NOVIKOV CONJECTURE WITH FINITE COEFFICIENTS 



Browder initiated the study of K-theory with finite coefficients [12] in order to extract 
torsion information. Although integral computations in algebraic K-theory are quite hard, 
using finite coefficients one can make considerable progress in a few cases. To this end, let 
us first observe that 

Lemma 4.1. Any discrete and torsion free group satisfies the split K-theoretic Novikov 
conjecture in negative degrees, i.e., B.^:{BG;Kc) — )■ K*(C[G']) is split injective for all * < 0. 
In fact, the spectrum BG^ A Kc is connective. 

Proof. Indeed, since the negative algebraic K-theory groups of C vanish, an inspection of the 
Atiyah-Hirzebruch spectral sequence E^^ = Hp(i?G'; Kg(C)) =^ Hp_|_g(i?G'; Kc) reveals that 
R,{BG; Kc) = {0} for * < 0. ' D 

For a pointed space X one obtains the notion of its homotopy group with coefficients in 
Z/n by replacing the spheres 5* in the definition of homotopy groups vrj(X) = [5*^, X] by the 
Moore space M^ := S^~^ U„ e\ i.e., an z-cell attached to 5*"^ by a map dB^ = S^^^ — )• 5*"^ 
of degree n. This enables us to construct K-theory with finite coefficients [12], which enjoys 
many good functorial properties like ordinary K-theory. For a recent survey of the theory 
one may refer to [18]. Another possibility of introducing coefficients in K-theory is the 
following: Let §(Z/n) denote the mod-n Moore spectrum, i.e., the cofibre of a degree n 
map § — i- S between the sphere spectra. For any C*-algebra A, define K^,{A,7j/n) := 
tt^Ka a §(Z/n)) (resp. KfP{A,Z/n) := 7r*(K^°P A §(Z/n))). The two possible definitions 
will agree connectively. Karoubi studied that algebraic and topological K-theory of Banach 
algebras with finite coefficients and obtained some striking results in [33]. It is known that 
if A = C or K, the comparison map with finite coefficients K^,{A, Z/n) — )■ K*°p(A, Z/n) is an 
isomorphism for all n ^ 2 and * ^ (see Theorem 4.2 of [50j). 

Lemma 4.2. Let E, F be two cofibrant spectra and E — t- F 6e a given map of spectra. Then 

(1) if the map E — )■ F induces an isomorphism between their homotopy groups vr*(E) — )■ 
7r*(F), then for any pointed CW complex X the induced map 7r*(X A E) — )■ 7r*(X A F) 
is also an isomorphism, and 

(2) if the map E — )■ F induces an isomorphism between their homotopy groups with 
finite coefficients 7r*(E, Z/n) — )■ 7r*(F, Z/n), then for any pointed CW complex X the 
induced map with finite coefficients 

7r,(X A E, Z/n) -^ 7r,(X A F, Z/n) 

is again an isomorphism. 

Proof. The proof of (JT]) is standard and follows by arguments similar to the one given below. 
For ([2]) observe that the maps 7r*(X A E, Z/n) — )■ 7r*(X A F, Z/n) constitute a morphism 
between reduced generalized homology theories on the category of pointed CW complexes. 
The result is obtained by carrying out the following three steps: 

(a) Use the reduced suspension to conclude that the induced map between all pointed spheres 
is an isomorphism. 
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(b) By induction on the dimension one can prove the result for all finite pointed CW com- 
plexes. Indeed, use the inclusion of (n — l)-skeleton in the n-skeleton to obtain mor- 
phisms between long exact sequences. Now the induction hypothesis, step (jaj) and the 
Five Lemma will give the desired result. 

(c) Finally use the fact that the direct limit of abelian groups is exact to deduce the result 
for all pointed CW complexes. 

D 

Lemma 4.3. Let 'E be a connective spectrum and E — )■ F 6e a map of spectra such that 
7r*(E) —7- 7r^,(F) is an isomorphism for all * ^ 0. Then the induced map 7r*(E,Z/n) — > 
7r*(F,Z/n) is an isomorphism for all * ^ 1 and 7ro(E, Z/n) — )■ 7ro(F,Z/'ri) is a monomor- 
phism. The map 7ro(E, Z/n) -^ 7ro(F, Z/n) is an isomorphism z/7r_i(F) = {0}. 

Proof. Due to the naturality of the Universal Coefficient Theorem for homotopy groups with 
finite coefficients (for spectra), we have the following commutative diagram 

^ 7r,(E) ® Z/n ^ 7r,(E, Z/n) ^ Tor(7r,_i(E, Z/n) ^ 



^ 7r,(F) (g) Z/n ^ 7r,(F, Z/n) ^ Tor(7r,_i(F, Z/n) ^ 0. 

The assertions now follow from the Short Five Lemma and the Snake Lemma for the injec- 
tivity (resp. the bijectivity) at the level of ttq (resp. when 7r_i(F) = {0}). D 

Let E be a (left) module spectrum over the orbit category Or(G'). Given any G-CW com- 
plex X one can construct an ordinary spectrum via the balanced smash product construction 

X^ Aor(G) B{G/H) = II X^ A BiG/H)/ ~, 

G/H 

where ~ is the equivalence relation generated by {x(l),y) ~ {x,(l)y) for all x G X^, y G 
E{G/H) and : G/H — > G/K (as explained in Section 5 of |21j in a slightly different 
notation). Let E{G) be a classifying space for G (with respect to any family, e.g., the trivial 
family). Then the pointed G-projection i?(G)+ — )■ 5"° = {G/G)j^ gives rise to a map of 
spectra 

(6) E{G)1 AoriG) BiG/H) ^ BiG/G). 

Applying homotopy groups we obtain the assembly maps in the G-homology theory defined 
by the Or(G)-module spectrum E. 

Definition 4.4. By applying the functor homotopy groups with finite coefficients to the above 
map (jH]), we obtain the assembly map with finite coefficients 

Hf ((E(G); E), Z/n) -> Hf ((5°; E), Z/n). 

Theorem 4.5. Let G be a discrete and torsion free group that satisfies the integral split 
K^""^ -theoretic Novikov conjecture with trivial coefficients. Suppose, in addition, the Z/n- 
homology of BG is concentrated in even degrees. Then G and C satisfy the K-theoretic 
Novikov conjecture with Z/n- coefficients, i.e., the Today assembly map with finite coefficients 
H,((5G;Kc),Z/n) ^ K,(C[G], Z/n) is mjective. 
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Proof. By the previous Lemma BTT] we may concentrate only on nonnegative degrees. Attach- 
ing the Loday assembly map in algebraic K-theory to the top of the commutative diagram 
in Lemma I3.4[ we get 



R,{BG;K 

c{C). 



H,(5G;K*c°P) 




,BC 



K,{C[G]) 

K.(Q(G)) 

c{c;(G)). 

Kr(c;(G)), 



The bottom horizontal arrow ^^"^ can be replaced by fi^^ (thanks to the Hambleton-Pedersen 
Theorem), which due to our assumption is also split injective. After this replacement it is 
clear how to incorporate Z/n-coefficients into the diagram to obtain the assembly maps with 
finite coefficients (see the Definition 14.41 above), since all arrows have a homotopy theoretic 
origin; in other words, the entire diagram is obtained by applying homotopy groups to a 
diagram of spectra. We are going to show that the left vertical arrow and the bottom 
horizontal arrow are injective with Z/n-coefficients, which are enough to prove the result. 

Observe that the Davis-Liick assembly map n^^ in topological K-theory is induced by the 
G-projection Ef±^{G)+ — )■ S^. Thanks to the naturality (in the space variable) of the Uni- 
versal Coefficient Theorem of homotopy groups with finite coefficients we have the following 
commutative diagram: 







H,(5G;K 



top\ 



Z/n 



Kt°P(C;(G'))®Z/n. 



H,((5G'; K™P), Z/n) Tor(H,_i(5G; K™p), Z/n) 



KfP(C;(G),Z/n) 



top\ 



ToTiK:ZiC:iG),Z/n) 



0, 



where the vertical arrows are induced by the Davis-Liick assembly maps. Notice that the two 
extremal vertical arrows are split injective. Now the Snake Lemma enables us to conclude 
that the middle vertical arrow is injective. Since c(C) : Kc — )■ K^^ induces an isomorphism 
K*(C, Z/n) — )■ K*°P(C, Z/n) in nonnegative degrees (and a split monomorphism otherwise), 
the assertions follows. Indeed, the map K^ — )• K^^ can be factorized as Kc — ;■ K^^(O) — t- 
Kj?^, where Kj?''(0) denotes the connective cover of Kj?''. By the above Lemma 142) the map 
H,((5G';Kc),Z/n) = 7r,(5G+ A Kc,Z/n) -^ 7r,(SG+ A K'^^{0),Z/n) is an isomorphism. 
The proof is now completed by invoking Lemma 14.31 and examining the morphism between 
the Atiyah-Hirzebruch spectral sequences for BG induced by the map K^^(O) A S(Z/n) — )■ 
Kj?'' A §(Z/n), where S(Z/n) denotes the mod-n Moore spectrum. Observe that under 
the extra hypothesis on G, both Atiyah-Hirzebruch spectral sequences collapse at the E"^- 
page. D 



Remark 4.6. In the above Theorem \4.5[ the condition that the Z/n-homology of BG be 
concentrated in even degrees is satisfied, for instance, if the integral homology of BG is 
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concentrated in even degrees and it contains no n-torsion. In general, it suffices to im- 
pose conditions on G that ensure the collapsing of the Atiyah-Hirzebruch spectral sequences 
Elg = i7p(5G;K*°P(0),(C,Z/n)) and E^^ = i/p(5G; K*°p(C, Z/n)) at the E^-pages. Here 
K*°P(0)g(C, Z/n) denotes the connective topological K-theory groups ofC with Z/n- coefficients. 
A simple computation reveals that K*°p(C, Z/n) ^ Z/n if q is even and {0} otherwise. 

Unfortunately, we are not able to prove the injectivity of the Loday assembly map over 
any number field by our methods. However, a Theorem of Suslin says that if F M- L is 
an extension of algebraically closed fields, then the induced map K.p — )■ K^ produces an 
isomorphism between the algebraic K-theory groups with finite coefficients [SH]- Using this 
result for the field extension Q ■=-)■ C we improve the coefficients to Q (in the case of the 
Loday assembly map with finite coefficients). 

Theorem 4.7. // G and C satisfy the K-theoretic K^°^ -theoretic Novikov conjecture with 
Z/n- coefficients (e.g., under the hypotheses of the above Theorem \4.5\ ), then so do G and Q, 
i.e., the Loday assembly map with finite coefficients H^,((i?G; KQ),'L/n) — )■ K^{Q[G],Z/n) is 
injective. 

Proof. By the naturality of the Loday assembly map, there is a commutative diagram induced 

by Q -^ C: 

H,((5G;%),Z/n) -K,(Q[G],Z/n) 



H,((5G; Kc), Z/n) K,(C[G], Z/n). 



Since the left vertical arrow is an isomorphism by Suslin's Theorem and Lemma 14.21 the 
assertion follows. D 

5. Some spectral sequences 

For any C*-algebra A, there is symmetric spectrum (in the sense of [27]) model of K^^, 
which is, in addition, a (left) module spectrum over a (commutative) symmetric ring spec- 
trum model of Kj?'' (see Theorem B of [31j). Furthermore, there is a unit map from the 
sphere spectrum § to Kj?^, which is a homomorphism of commutative symmetric ring spec- 
tra. After passing to functorial cofibrant replacements (in the S-model structures [56] or the 
flat stable model structures as in Schwede's book on symmetric spectra [M]) on the categories 
of (left) module spectra over the symmetric ring spectra, we may assume that all spectra are 
cofibrant. Now apply the functorial left Quillen construction, which produces a (cofibrant) 
S-algebra (resp. §-module) from a (cofibrant) symmetric ring spectrum (resp. symmetric 
spectrum) as explained in [HH]. Thus we obtain a model of K^'' as a (left) K^^-module over 
an S-algebra model of Kj?'', where all S-algebras (resp. S-modules) are cofibrant. For the 
details about §-algebras and S-modules the readers may refer to [22] • Now one may write 



BG+ A K^°P ~ {BG+ A K*c°P) A^top K 



top 

c ^ ' 



using a cofibrant CW model of BG, e.g., the geometric realization of the simplicial model of 
BG. If i? is a (cofibrant) commutative S-algebra and M, N are (cofibrant) -R-modules, then 
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there is a strongly convergent natural (both in M and A^) spectral sequence (see Theorem 
4.1 of ibid.) 

(7) El^ = Tor;;f )(7r,(M), 7r,(iV)) ^ Ti,+^{M Ar N). 

Here p is the resolution degree of M and q is the internal degree of the graded modules 
whence it is a right half plane homological spectral sequence. 

Remark 5.1. The symmetric spectra constructed in [31j take values in pointed simplicial 
sets, whereas 8>-modules are spectra valued in based spaces. However, it is known that there is 
a Quillen equivalence between the category of symmetric spectra valued in pointed simplicial 
sets and that of symmetric spectra valued in based spaces (see Section 18 of [44j j. 

Setting R = K^^, M = BG+ A K^^ and A^ = K^J'p and observing that 7r,{BG+ A K^'') = 
K°^{BG) we get: 

Lemma 5.2. There is a right half plane homological strongly convergent natural spectal 
sequence 

(8) El^ = Torjf '"-^l(Kt°P(5G), Kt°P(A)) => 7r,+,(5G+ A K^), 
where the degree of u is 2. 

Proposition 5.3. If A is KK-equivalent to K, then there is an identification of 'L/2-graded 
theories 

Kf P(fiG) ® KfP(A) = iT,{BG+ A K7) = H,(fiG; K^), 

which is natural in both G and A. 

Proof. Under the assumption on A, one knows that K*°p(A) ~ K*°p(K) ~ Z[u,u^^]. The 
assertion is now evident from the above spectral sequence (jHD- □ 

Remark 5.4. Setting R = Kc, M = BG+ A Kc and N = K^ in the spectral sequence (jTj), 
we get 

El^ = TorJ*(C)(H,(SG'; Kc), K,(A)) ^ 7i,+,{BG+ A K^) = Hp+,(5G'; K^). 

Apart from the standard Atiyah-Hirzebruch spectral sequences, these Kiinneth type spec- 
tral sequences can potentially be useful for computational purposes for the domain of the 
Davis-Liick assembly map in certain situations (compare [52] )• 

6. Assembly maps with coefficients in topological algebras 

Now we are going to study assembly maps with coefficients in certain topological algebras. 
We use the extra knowledge about the K-theory of these algebras to gain more information 
about such assembly maps. In rather technical terms, we are going to identify {jJ^)* with 
(/^K^)*5 which is an interesting result in its own right. 

Lemma 6.1. There are canonical isomorphisms 

(1) H*(i?G; K^k) ^ H^.(i?G;Kj^) induced by the change of theory morphism from the 
algebraic to topological K-theory, where K is equipped with trivial G-action, and 

(2) Y{^{BG] Kg^) ^ H*(5G; K^'J^) induced by the algebra homomorphism C — )■ K. 
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Proof. For ([T]) we first reduce the problem to establishing the isomorphism H^, {BG; Kg) ^■ 
H*(i?G';Kg^) by invoking Lemma [3T3| i.e., we may ignore the module structure of K^k 
(resp. K^^) over the orbit category. Since K is stable, the change of theory morphism 

Kk — ;■ Kj^^ induces an isomorphism between their homotopy groups whence the assertion 
follows from Lemma [4. 2[ 

For ([2]) observe that, for every subgroup H C G, by construction }if{G/H; K^^) = 
KfP((:7;(/7)) and B.f{G/H;K'°^^) = KI°'p{C;{H,K)). Due to C*-stability of topological 
K-theory, there is an induced isomorphism KI°'p {C;{H)) = Kl°'^{C;{H,K)). The assertion 
now follows from Theorem 6.3 of [21]. D 



Let us set K^°^{G;A) = KKf{E_G; A), where EG is the universal proper G-space, which 
is uniquely characterized up to G-homotopy. If G is torsion free, one may take EG = EG. 
The classifying space EjG may not be locally compact. So one defines KK^ {EjG] A) = 
lirn KKf{Co{X), A), where C C EG runs through the set of all G-compact subspaces 
canonically ordered by inclusion. Let X be a locally compact proper G-space and let A be 
a G-G*-algebra (with not necessarily trivial G-action). For any G*-algebra B with trivial 
G-action, there is a canonical homomorphism 

ax : KK^(Go(X), A) ® Kt°P(5) ^ KKf (Go(X), A^B), 

which is constructed by first identifying K*°P(i?) = KK^ (C, B) and then applying Kasparov 
product ®c- This map is compatible with inclusions of G-compact subspaces of EG and 
hence defines a morphism 

ac : K^ (G; A) ® K^ (i?) ^ K^ (G; A^B). 

In [16] the authors define the following class Ac of G-G*-algebras: A G Ac if and only 
if the above morphism ac is an isomorphism for every G*-algebra B with trivial G-action, 
such that K*°P(i?) is torsion free. The class Ac is fairly large; for instance, it contains all 
type I G*-algebras and if A G Ac and B is KK -equivalent to A, then B E Mg (see Lemma 
4.7 and Theorem 0.1 of ibid.). Clearly, IK G Mg- 

Let A be a G-G*-algebra. We quote the following commutative diagram from Section 1.6 
(page 47) of [T]: 



H^(Evc(G'); -Kg^a) —^ K,(A x G) 



R^iE^UG); K'^l,) " ^ K'{A X. G), 

where the top (resp. bottom) horizontal arrow (/i^^)* denotes the Davis-Liick assembly map 
in algebraic (resp. topological) K-theory. Putting A = IK with trivial G-action, where G is 
a discrete and torsion free, we get 
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H*(i?G;KG',i 



E^{BG;K^^j^ 



(/^D. 



K^). 



— K,(K[G]) 

c{C*{G,K)),o{'-k)* 

Kt°P(C;(G,K)), 



where the left vertical arrow is an isomorphism due to Lemma 16.11 part [H Now we use the 
fact that IK is K- regular, to replace (/ig'")* by (/^k)* (cf. Lemma [3.3p and obtain 



(9) 



H,(5G';K 



H*(5G';K*°'k 




(mD. 



K,(C;(G',K)) 

c(C;{G,K)). 

-k:°p(c;(g,k)) 



The Hambleton-Pedersen result on the equivalence of fi^^ with fi^'^ is encapsulated in the 
following commutative diagram: 



(10) 



K*°P(EG) =H,(5G;K 



H,(SG';K*°P 



top\ 



,BC 



M?^ 



G.f 



Knc:{G)) 



Kfp(c;(G)), 



where the vertical maps are isomorphisms. Note that the actual result identifies both /i^^ and 
/i^*-^ with a continuously controlled assembly map; however, those details are irrelevant for our 
purposes. The naturality of Davis-Liick assembly map produces the following commutative 
diagram: 



(11) 



B.^{BG;K^^^) 



E,{BG-K 



top 

G,K 



K^). 



Krp(c;(G)) 



Krp(c;(G,K)), 



where the left vertical arrow is an isomorphism due to Lemma 16.11 part |2j From diagrams 
f lTO|) and f lTT|) we get the following commutative diagram: 



(12) 



top\ 



MBG-K 



ll^{BG]K^V) 



i^f° 



^K':^{C:{G)) 



K^). 



K'r{G:{G,K)) 
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We tensor the diagram (fT2!) with K*°''(K) and make the following simplifications: 

(1) We identify /xf^^id : K*°P(5G)®KfP(K) -^ KfP(C;(G))®KfP(K) with the Baum- 
Connes assembly map with coefficient in the G'-C*-algebra K with trivial G-action 
(Ai^)* : Kt°P(5G; K) ^ Kt°P(C;(G,K)) using Proposition 4.9 of p]. 

(2) Since K*°p(]K) is torsion free we use Kiinneth formula in topological K-theory [53] to 
identify KfP(C;(G,K)) ® Kt°P(K) = KfP(C;(G, K)). Now from Proposition EJ we 
conclude that 

R^BG; K^") ® Kt°P(K) = H^BG; K^^""). 

Observe that R,{BG; K'^") ^ K*°p(5G) via the homotopy equivalence K^p ^ K^p 
induced by the C*-algebra homomorphism C — t- K. Therefore the bottom horizontal 
arrow in the diagram flT^ does not change. 

Thus we have proved the following result: 
Proposition 6.2. There is a commutative diagram,: 

(13) Kt°P(5G; K) ^!^^1^ Kf P(C;(G, K)) 



MBG; KgP,) ''^' : Kr(C;(G, K)) 

expressing the equivalence of the Davis-Liick assembly map and the Baum-Connes assembly 
map with coefficients in K, when G acts on it trivially. 

Combining the diagram ^ with the above Proposition, we get 

Lemma 6.3. There is a commutative diagram: 

(14) K,(K[G]) 

H,(5G;Kk) ^:^— -K,(C;(G,K)) 

S c(C;(G,K))* 

(„BCV 

Kt°P(5G; K) *" . Kt°P(C;(G, K)) 




Observe that, by definition, (/ij^^)* = ('-k)* ° (a^k)*- This diagram expresses the equivalence 

BC 



between (/i^^)* one? (yU^'"'' 



Theorem 6.4. Lei^ G be a discrete and torsion free group. If G satisfies the integral (resp. 
split) ¥^^°^ -theoretic Novikov conjecture with trivial coefficients, then G and K satisfy the 
integral (resp. split) K-theoretic Novikov conjecture, i.e., the Today assembly map (/i^)* : 
B.^:{BG;'Kk) — > K*(]K[G]) is injective (resp. split injective). 
Furthermore, if fJ^^'" is only rationally injective then so is (yU^)*. 

Proof. For any G-C*-algebra A and any other C*-algebra B with a trivial G-action the 
authors of [16] construct the following commutative diagram in Proposition 4.9: 
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Kf^iBG; A) ® Kt°P(5) ^^^°^'''^^- KI"p{A x, G) ® Kt°P(5) 

Kf P(5G; A®5) ^^ Kf P((A®fi) >^, G) 

where the right vertical arrow is the Kiinneth map is topological K-theory. Putting A = C 
and S = IK we get 

KfP{BG) ® Kt°P(K) ^'''''''^'"'h Kt°P(C;(G)) ® Kt°P(K) 

ac ^ 

Kf P(SG'; K) ^^^^ Kf P(C;(G, K)) 

Since K*°p(K) is torsion free and IK is in the bootstrap class both vertical arrows are iso- 
morphisms. Using flatness of K*°p(K) we conclude that if /i^^ is (split) injective, then so is 
(/i^^ ® id)* = (/iK*")*- The assertion now follows from the previous Lemma. 
The statement about the rational injectivity of (/Uk)* is obvious. D 

7. Algebraic K-theory of certain group algebras 

Recall that the homotopy cofibre of Loday assembly map //^ : BG+ A K^j — )■ K^j^] is 
defined to be the Whitehead spectrum of G over R and its homotopy groups are called the 
Whitehead groups of G over R. By excision in algebraic K-theory this notion carries over to 
H-unital coefficient Q-algebras (see Remark 12.21) . 

Lemma 7.1. Let G satisfy the Baum-Connes conjecture with trivial coefficients. Then 
the obstruction to the algebra homomorphism K[G] — )■ C*{G,K.) inducing a weak homotopy 
equivalence at the level of nonconnective algebraic K-theory spectra lies in the Whitehead 
spectrum of G over IK (up to a shift). 

Proof. Since the bijectivity of /i^*" implies that of (/iR*")* (see Corollary 5.2 of [16]) and the 
algebraic reduced assembly map (/ig^)* at the level of homotopy groups agrees with (/if*")* 
(see Lemma [6. 3p . the assertion follows from Remark 12.41 D 

As a consequence we deduce the following result: 

Theorem 7.2. Let G be a discrete and torsion free Gromov hyperbolic group and let G act 
on IK trivially. Then canonical algebra homomorphism l^ : K[G] — t- G*{G,'K) induces a 
weak homotopy equivalence between their nonconnective algebraic K-theory spectra and the 
Whitehead groups of G over IK vanish. 

Proof. Under the assumptions on the group G it is known that it satisfies the Baum-Connes 
conjecture with trivial coefficients |45j. By the previous Lemma it suffices to show that the 
Whitehead groups of G over K vanish. A result of Bartels-Liick-Reich says that all Gromov 
hyperbolic groups satisfy the Farrell- Jones isomorphism conjecture in algebraic K-theory for 
every associative and unital ring R (see Corollary 1.2 of |3]); more precisely, the authors prove 
that for torsion free groups K„(i?[G]) ^ }i„{BG; Kr) © (©7(NK„(i?) © NK„(i?))), where / 
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denotes the set of conjugacy classes of maximal infinite cyclic subgroups of G. Using the 
naturality of the decomposition (in i?), Remark l2.2l and excision in NK-theory, one concludes 

(15) K„(K[G]) ^ H„(5G; Kk) © (©,(NK„(K) © NK„(K))) . 

It is known that NK„(K) vanishes for all n, since K is a stable C*-algebra (see Theorem 3.4 
of [51j)- It follows that the Whitehead groups of G over K vanish. D 

Remark 7.3. Since the C* -algebra C*(G',K) is stable, its nonconnective algebraic K-theory 
is the same as its topological K-theory, which in turn is that same as its topological K- 
homology, i.e., K,(K[G']) ~ Kt°P(5G). 

8. On a conjecture of Yu 

For any p ^ 1 let Sp denote the ring operators of Schatten p-class, i.e., T G B{H) 
is an element of Sp if and only if tr(T*T)2 < oo, where the trace is defined as tr(T) = 
'^ni'^^nyGn) with rcspcct to an orthonormal basis {e„}„gN of H (the definition of tr turns 
out to be independent of the choice of the orthonormal basis). The algebra of Schatten class 
operators is defined to be 5 = Up^iSp. There is a canonical sequence of C-algebra inclusions 
iS C K C B{H). It follows from the results of [20] that S[G] is H-unital for any discrete 
group G (see, e.g.. Theorem 2.2 of [63]). 

Conjecture 8.1 (Yu ^5]). For any discrete group G the canonical algebra homomorphism 

i : S[G] = C[G] ®c '5 — )■ C*{G)^K = G*{G,K) induces an isomorphism between their 
algebraic K-theory groups 

t,:KniS[G])^Kn{C:iG,K)). 

The algebra homomorphism i : S[G] — )■ C*{G,K) can be factorized as S[G] — ?■ K[G] — t- 
C*{G,K). Now one can separately investigate these homomorphisms and this leads us to 
two separate conjectures: 

Conjecture 8.2. For any discrete group G, the canonical algebra homomorphism S[G] — t- 
K[G'] induces a weak equivalence between their nonconnective algebraic K-theory spectra. 

Conjecture 8.3. For any discrete group G, the canonical algebra homomorphism K.[G] — t- 
G*.{G, K) induces a weak equivalence between their nonconnective algebraic K-theory spectra. 

The Farrell- Jones isomorphism conjecture in algebraic K-theory should imply conjecture 
18.21 The Theorem 17.21 above gives an affirmative answer to conjecture 18.31 for all torsion free 
Gromov hyperbolic groups (note that such groups are known to satisfy both the Farrell- 
Jones isomorphism conjecture in algebraic K-theory and the Baum-Connes conjecture with 
trivial coefficients). 

Observe that 7r*(KK) is Bott 2-periodic (due to its identification with topological K- 
theory). In fact, 7r*(KK) is Z if * is even, and {0} if * is odd. The same conclusion holds for 
the algebraic K-theory of S [20] and an easy inspection reveals that the canonical inclusion 
iS — )• K induces a weak homotopy equivalence K5 — )■ Kr. It is also shown in ibid, that S 
is K-regular and H-unital (whence the Loday assembly map can be defined with coefficients 
in S, see Lemma [3.31 and Remark 12. 2p . As before, for any discrete and torsion free group 
G, we identify the Davis-Liick assembly map in K-theory with the Loday assembly map 
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(/z^)* : B.^{BG;'Ks) -^ K^{S[G]). Using the naturality of the Loday assembly map, once 
again we have the following commutative diagram: 

}l,iBG;Ks) -K,(5[G']) 



H,(fiG;KK) -K,(K[G]), 

where the vertical arrows are induced by iS — )■ K. Since the map K5 — )■ Kk is a weak ho- 
motopy equivalence the left vertical arrow is an isomorphism. As a consequence of Theorem 
16.41 we have proven 

Theorem 8.4. Let G be a discrete and torsion free group. If G satisfies the (split) K*°P- 
theoretic Novikov conjecture with trivial coefficients, then G and S satisfy the integral K- 
theoretic (split) Novikov conjecture, i.e., the Loday assembly map (/i^)* : ll^{BG;K.s) -^ 
K^(iS[G]) is (split) injective. 

Remark 8.5. The above Theorem is an integral K-theoretic statement, whereas the main 
result of Yu in [63j proves the rational injectivity of (/x^)* for all discrete groups with no 
further assumptions. 

Remark 8.6. In summary, we have actually demonstrated the following sequence of impli- 
cations (inj. = injective): 

fi^^ (split) inj. =^ (/iK^)* (split) in]. =^ (/i^)* (split) inj. => (/i^)* (split) inj., 

where the first implication is due to [TB] . It is plausible that in certain cases one can directly 
prove that {fi^)^, is (split) injective. For topological (second countable and locally compact 
Hausdorff) groups satisfying a few extra hypotheses, there are some results in this direction 
(see Theorem 1.2 of [T5] ). 

Motivated by these observations, we arrive at the following variant of Yu's conjecture: 

Conjecture 8.7 (Variant of Yu). Let G be any discrete group. Let A be any stable G*- 
algebra, equipped with the trivial G-action, such that A is KK-equivalent to IK (evidently 
A G Ac-y'- Then the canonical algebra homomorphism A[G] — )■ G*{G,A) induces a weak 
equivalence between their nonconnective algebraic K-theory spectra. 

Concluding remark: It is plausible that, building upon the arguments of this article, one 
can generalize the coefficient C*-algebra in Theorem 16.41 from K to any stable G-C*-algebra 
A with trivial G-action, such that A belongs to the bootstrap class and K^°'^{A) is finitely 
generated and torsion free. 
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